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ABSTRACT 


The determination of the harvest schedule over 
time is a fundamental problem of forest management. Tra- 
ditionally, static analysis is used to determine the age 
at which trees should be cut in the steady state. Dynamic 
analysis is then used to determine that sequence of har- 
vests which will result in this steady state. 

This study attempts to review and present both 
static and dynamic models to illustrate the economic solu- 
tion to this problem. The static problem is the determina- 
tion of the age at which trees should be harvested in order 
to maximize discounted net revenues. In addition to the 
traditional solution, two static economic models are pre- 
sented. The first considers the age at which trees should 
be harvested when only one crop is anticipated while the 
second model considers the case where multiple crops can 
be realized from an area of land. 

Several economic models of dynamic resource ex- 
ploitation are reviewed. The nature of the possible steady 
states are examined. These steady states are contrasted 


with the steady states that result under the static treat- 


ment of the problem. 
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I'wo problems with dynamic models of resource 
exploitation as they pertain to the growth of forests are 
discussed. Both are attributable to the simplifications 
of the growth process which the models assume. In some 
cases and with certain modifications a realistic model of 


forest growth can be constructed. 
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CHAPTER ONE 


INTRODUCTION 


This study examines the theory of the economics 
of forest management under both a comparative static and 
dynamic framework. In the former area, a well established 
model of forest investment exists. This model will be 
developed and the important results summarized. Very lit- 
tle attention has been devoted to dynamic models of fores- 
try, however a significant amount of applicable research 
on natural resources in general exists. Three models in 
this area, two of which purport to be applicable, will be 


reviewed and critically evaluated. 


Natural Resources 


The role which natural resources play in an 
economy should be distinguished at the outset. According 


to: Ciriacy—Wantrup: 


. one may differentiate three broad 
classes of resources: natural, cultural and 
human. This trinity corresponds to the 
trinity of "factors" of production . 
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As one of three classes of resources, natural resources 
are often characterized by their origin. They may be 
viewed as a gift from nature, to be distinguished from 
capital goods which are produced through the interaction 
of cultural and human resources. However, as Scott points 
out, this is not to say that resources cannot be regarded 
as part of the social capital. 

One of the immeasurable contributions Professor 
Ciriacy-Wantrup has made to natural resource economic 
thought lies in the classification of these resources. ? 
This system of classification, based on the inherent char- 
acteristics of the resources, provides the insight neces- 
sary for policy discussions. 

Natural resources may be classed as renewable 
or non-renewable. In the latter case, resources are viewed 
as a stock which is not augmentable with present technol- 
ogy. The stock may or may not significantly decay or de- 
Lerlorate: over tame and this) fachiuallowsy aun cherssul— 
division within the non-renewable class. Renewable resour- 
ces are essentially stock resources from which a flow 
emanates. The: body of of the Sun: may be) considered jas a 
stock from which a flow of solar radiation originates. 

A forest may be considered as a stock, the growth of which 
constitutes a flow. These examples serve to introduce a 


distinction among renewable resources. In some instances 
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(forests), the flow may be stored while in other cases 
(sunlight) this is not possible. Although this approach 
would seem fruitful in distinguishing classes of renewable 
resources, problems arise in its application.” Ciriacy- 
Wantrup distinguishes two classes of renewable resources 
depending upon whether human action does or does not sig- 
Mlitcantly affect the flow. Forests are obviously an 
example of the first category while sunlight falls into 
the second. The renewable resources significantly af- 
fected by the actions of man can be further subdivided 
into those cases which are subject to exhaustion and those 
which are not. Care should be exercised in the use of the 
term exhaustion. 

Forests and fisheries are renewable resources 
which may be significantly affected by the actions of man. 
Nothing of a general nature may be said about the exhaus- 
tion of these resources. Certain species of trees are 
biologically exhaustible while others may thrive under 
nearly all conceivable actions of man. Fisheries are 
biologically exhaustible. Biological exhaustion due to 
exploitation is\-almost inconcéivable in all but the rare 
case since one would expect costs to vary inversely with 
the stock of the resource. Biological and economic exhaus- 


tion are therefore distinguished. »° 
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Common Property 


Since Gordon's article on the economics of a 
common property natural resource® much attention has 
been focused on the problem. Historically, forests were 
at one time subject to the problem as land tenure systems 
were absent or weak. The resource was systematically ex- 
ploited until depletion was clearly recognized. Tenure 
systems developed as a solution to the problem. Management 
of the resource appeared and undoubtably one of the first 
questions posed by those concerned was how the resource 
should be managed. With timber scarcity the focus of at- 
tention, the concept of maximizing the physical yield from 
the land developed. 

Without tenure systems, the individual exploit- 
ing the resource places no value on the stock of the re- 
source. Since the flow emanates from the stock, systematic 
depletion of the stock reduced the productive capacity of 
the resource. The problem was essentially solved for for- 
ests with the introduction of tenure systems. The estab- 
laishmenueot: property: rights?’ isiimpractical Ianwthe case or 
the fisheries, however. It will bev seen that: a system of 
quotas or prices may be used to direct the exploitation of 


the resource optimally. 


The key to management of the common property 
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resource is therefore the valuation of the stock of the 
resource. Establishment of land tenure systems in forestry 
allows the individual to value the stock through the rights 
of exclusion. The maintenance of the productive capacity 
of the resource allows the individual to benefit in the 
future. Where tenure systems are not feasible, a system 
of quotas may assure the conservation of the resource. 

Each individual exploiting the resource is excluded from 
harvesting more than his quota. An alternative to quotas 
may be prices. These prices may vary over time and in an 
economic manner exclude the users of the resource from de- 
pleting the resource through excessive harvesting. In all 
cases, the stock of the resource a26*valued whether indi— 


bectly through tenure or directly through quotas or prices. 


Forests and Time 


Time plays an important and somewhat unique role 
in the management of forests. The maturation of a single 
crop may take from a few decades to over a century. Once 
established, the crop grows through time. The growth in 
one time period constitutes the flow from the stock of the 
resource. This growth is then stored as part of the stock 
of the resource. The volume on an area of forested land 


therefore represents the cumulative stored growth since the 
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establishment of the crop. 

If the goal of management is to maximize the phy- 
Sical yield from forested land a first proposal to achieve 
that objective might be that the growth or increment be 
cut or harvested when it is greatest. Stated in another 
Manner, One might suggest that the forest be allowed to 
grow until the growth is maximum and at this point estab- 
lish a steady state with the level of harvest equal to the 
growth in that time period. This, however, ignores the 
fact that the separation of the growth from the stock is 
not possible: 

The increment of the stand is never cut. All 

that one can do is to cut entire trees that 

in their total volume represent the incre- 

ment of the stand.” 

At the risk of being repetitive, this point can 
be illustrated through two simple examples. First, assum- 
ing that the crop consists of one tree and realizing, that 
the growth cannot be separated from the tree, when should 
the tree be harvested to maximize the physical yield? 

Of course, once the tree has been harvested another will 

be established. in its place. If the age of the tree. is: 

in terms of years, the answer is at that age when the 
average annual yield is maximum.® A more realistic problem 


might be stated in the same terms with "stand" or "acre" 


replacing "tree".? To maximize the physical yield the 
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acre or stand would be harvested when the average annual 
yield is maximized. The average annual yield for any age 


is therefore a steady state point. 


Organization of the Study 


This study consists of four chapters. Chapter 
Two will present the technology and two comparative static 
models. The first model considers the question of when an 
acre should be harvested and what amount of labor services 
employed to plant the land given all prices. Although the 
actual formulation of the problem is slightly different 
than that of previous authors, the results are simple and 
economically appealing. The second model is quite similar 
with one exception. Recognizing the fact that after har- 
vesting a new crop will be established the same question is 
again asked. This model will be considered in slightly 
more detail. The second chapter will also introduce the 
eoncept of maximum sustained yield. 

Chapter Three will review three dynamic models 
of resource exploitation. Plourde's!? model assumes that 
Htilatyris a function of the harvest of the “Mesource ar 
any point in time. If appropriately discounted inter— 
temporal utilities may be added to yield a measure of wel- 
fare over time, the question of the optimal rate of harvest 


of the resource may be investigated. The second model, 
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developed by Smith, !! assumes that the rate of exploitation 
of the resource depends on the number of units of capital 
employed and the rate at which each unit produces output. 
The third model, attributable to Brown,!? assumes the agency 
controlling the resource wishes to maximize the discounted 
value of net revenues over time and the exploitation of the 
resource over time is investigated. Although these models 
are in large directed towards the common property renew- 
able resource such as fisheries they are still of interest 
in the case of an appropriated resource. Particularly, the 
conditions under which a steady state results and the na- 
ture of the steady state are valuable. 

Chapter Four will examine the models under a 
more critical framework. Specifically, the biological 
constraint will be examined as well as the nature of the 
steady-states possible. Two problems which arise from the 
misspecification of the biological constraint will he dis- 


cussed. Finally, Chapter Four will conclude the study. 
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Footnotes 


Tene ° ° 

— Ciriacy-Wantrup, S. V., Resource Conservatton, Eeconomtcs 
and Polictes, Third Edition (Berkeley: University of California 
BECSGy 1963), p. 29% 


2Scott, A., Natural Resources (Toronto: McClelland and 
SCEWant Utd.) 1973), sp. L6G: 


20p.. Chtzppe 42. 


+Some resources with or without storeable flows are ex- 
haustible. A simple classification system is therefore whether or 
not the flow is significantly affected by human action since only 
those resources significantly affected are exhaustible. 


°A similar distinction is made in a footnote in: 
Smith, V. L., “Economics of Production From Natural 
Resources," A.#.R. 58 (1968) :409-431, p. 409. 


SGordon, H. S., "The Economic Theory of a Common Property 
Resource: The Fishery,” J.P.H#. 62 (1954) :124-142. 


7Davis, K. P., Forest Management: Regulation and Valu- 
atton, Second Edition (New York: McGraw-Hill, 1966), p. 179. 


8it£ more than two ages give maximum average annual yield 
obviously the smaller age is preferred. 


2To make the transition in the text between "tree" and 
"acre" in the example requires that clearcutting be the only feasible 
harvest technigue and that all trees are the same age on the acre. 


10piourde, C. G., "A Simple Model of Replenishable Natural 
Resource Exploitation," A.#.f#. 50 (1960) :518-522. 


l1omith, V., "Economics of Production from Natural Re- 
sources," A.E#.R. 58 (1968) :409-431. 


12Rrown, G., “An Optimal Program for Managing Common Pro- 
perty Resources with Congestion Externalities," ie eis Oe vUL S74 as 
163-173. 
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CHAPTER TWO 
WEALTH MAXIMIZATION 


The purpose of this chapter is to introduce the 
technology and review a comparative static model of wealth 
maximization. The entrepreneur is assumed to maximize 
wealth rather than profits since decisions made in one 
time period will influence the value of net revenues 
(discounted) of future time periods. Wealth is therefore 
defined as the discounted value of all future net revenues. 

For a given area of land, the entrepreneur plans 
bo establish a cycle, or rotation which will continually 
utilize the land. A crop of trees will be planted initial- 
ly on ‘this wend and will then be allowed to grow or mature 
for a number of years. The crop will then be harvested 
and the land subsequently replanted to begin another 
cycle. Following tradition we will call this cycle a 
rotation and the length of time between) Harveeee the ro- 
tation length. 

Tt will be assumed that the entrepreneur operates 


in competitive markets and that all parameters are constant 
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through time. Therefore, the entrepreneur has only to 
determine the rotation length and the amount of labor 
services required to plant the crop. With constant para- 
meters assumed, once determined, the value these variables 
assume will be fixed over time and a sequence of identical 
rotations will be established. 

Under these assumptions, profit and wealth 
maximization can be clearly distinguished. If the entre- 
preneur decides to delay the harvest of the first crop or 
rotation one year, then all future harvests are similarly 
delayed. This decision obviously alters the value of dis- 
counted net revenues from future harvests. Therefore, it 
May be concluded that wealth maximization or, alternatively, 
maximization of the value of all discounted net revenues 
is most realistic. 

The rotation length is a choice parameter for the 
entrepreneur. This does not imply that time is a factor 
On production but rather Te amplies, Chat the entreprencur 
controls the length of time over which production takes 
place. Since it is assumed that labor services are res- 
ponsible for the establishment of the crop and a period of 
time elapses between this application and maturation of 
the trees; production is of a point-input, point-output 
type.' Another interesting feature of this process is that 
the entrepreneur incurs costs many periods before reveneus 
are achieved’, and for this reason he must have a wage 


fund with which to pay for the initial services of labor. 
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The Technology 


The production process is apoint-input, point- 
output type, with land and labor as the factor inputs 
and the length of the production period under control. 3 
Rather than simply defining the production function, it 
may be useful to quote Wicksell's thoughts on a rather 


Similar problem: 


In an individual firm, the value W of the 
finished product available during a given 
unit of time (say one year) would clearly 

be a function of the quantities of labor and 
land employed (a and b) and also of the 
periods of time (t and t) for which each 

was invested in production:-- 


Equation (2.10) may be used to establish a production func- 
tion for the purposes at hand. Jt first shoulda be noced 
that Wicksell considered the value of the finished product 
however his implied production function must obviously 
incorporate the same arguments. It has already Been Te 
dicated that land and labor are the factors of production 
in forestry and that the process begins with the appli- 
cation of labor. Therefore, denoting the physical output 


volume as V, equation (2.10) may be altered: 


V = g{a,b,0,7) eRe ye Ge Te) 
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Assuming that the production function is linearly homo- 
geneous in land and labor and that land services are (for 


example) denoted in acre terms, (2.11) can be rewritten: 


ia 32, 1,0,1] = |? = Let] al ee tek Gee B48] 


To explicitly note that t is a controlled parameter and 
that for the purposes at hand volume per acre will be 


written as V, (2.12) will always be written: 
Vie Ee) oP asterey | G74 a he) 


Simply stated, (2.13) reveals that with a given input of 
labor per acre L,, and after 1, periods measured from the 
time of labor application, Vi = F (14714) units of volume 
of wood will have been produced on one acre. Therefore, 
T, is the rotation length. 

Wicksell also considered the case where "the 
grapes themselves were a gift of nature"°. In terms of 


(2.13), this may be written: 


VS F (030) = Gilt) OR ee eee) 


This equation is the form used as the growth Funct On sin 
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forestry. Labor is not viewed as a factor in production 
although labor plays a key role. The properties which 
this function will most often exhibit are given by Mac- 
Kinney et al: 

nee The curve is limited between zero yield 


at inception and a finite maximum yield 
at advanced age 


23 The curve exhibits a declining rate of 
percentage increase 


Ie The slope of the curve increases with 
increasing yield in early life and 
decreases with increasing yield in 
later life 6 


The properties lead the authors to propose: 


B 
a eas ene eS.) 


as an acceptable form.’ Due to certain properties of the 
logistic curve, the authors reject 1t as Unacceptable for 
use in forestry. °® 

Volume functions may be specific to a given 
species and environment. There is no universal form for 
the function and equation (2.15) is introduced only as a 
form which illustrates the expected characteristics. 

Assuming positive but diminishing returns to 


the factor inputs, the technology may be summarized: 
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In this model, increasing the labor input is 


assumed to increase the number and therefore the density 


of trees. As the density increases, intraspecific compe- 


tition intensifies and diminishing returns result. 


Maximum Sustained Yield and the Rotation Length 


The rotation length in forestry is usually 
determined independently of economic considerations. 
Traditionally, the rotation length for avsinglevacresis 


found by maximizing the average annual yield! or: 


This maximization leads to the foresters' rule that the 
mean annual increment must equal the periodic annual 


increment or, more precisely: 
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Figure 2.1 


cay! 


"or a whole forest, every acre growing accord- 
ing to (2.13), the rotation length is the same for each 
acre. Therefore, under this rule, every acre would be 
harvested at the same age. 

Maximum sustained yield is the goal of many 
forest managers... Maximum yield is achieved if every acre 
is harvested at that t (age) determined by (2.16). Sus- 
tained yield management implies a steady flow of output 
over time from the forest.!! Maximum sustained yield is 
a concept which embodies both the ideals of maximum yield 
and sustained yield. The nature of a maximum sustained 
yield forest is unintentionally described by Metzler while 
using trees as an example of a capital good: 

. he will have to let his trees attain 

an age of to before harvesting. Suppose 

to is 35 years. In order to produce an an- 

nual output of Wg per worker, the business man 

will have to have 35 wood-lots with a uniform 

age distribution of trees varying between 

one and 35 years. In this way, one of his 

woodlots will be ready for cutting and re- 

planting every year. /? 

A forest with a uniform age distribution has 
traditionally been called a regulated forest.!% When 
each acre is harvested according to (2.17) and the uniform 
age distribution exists, maximum sustained yield has been 
achieved. 


The rotation length (t)) determined by Metzler 


does not result from (2.16). Economic considerations must 
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be introduced to illustrate the solution. 


Profit Maximization: The Single Rotation 


It is assumed here that the entrepreneur maxi- 
mizes profits for a single rotation. The rate of in- 
terest (op), the nominal wage (w) and the nominal sale 
price of standing timber (p) are given and constant over 
time. All markets are assumed to be competitive. 

This simple problem and solution are not novel 
and an appeal to the literature will provide the solu- 
tions. Assuming the technology is given by (2.14), Bohm- 
Baverk's solution may be quoted: 

Economic profitableness obviously accom- 

panies a lengthening of the waiting period 

only as long as the yearly growth of the 

tree represents a greater percentage of the 


wood of the tree than the prevailing inter- 
est rate. !* 


Wicksell arrives at the same solution,!> which, in terms 
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By assuming the technology is given by (2.13), this prob-. 


lem can be written: 
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As stated previously, it is assumed that wages are paid 


when the trees are planted and revenues received when 


the trees are mature. The maximization yields: 
oF (Let) /oT — 
E(G3) a @) . o . (2.20) 
pes ge Moet one) 
dL 


The reader will note that (2.20) is identical to the 
Béhm-Baverk, Wicksell solution (2.18) while (2.21) indi- 
cates that the discounted value of the eredaicd product 
will equal the wage rate. 

Recalling that the land will yield a perpetual 
series of harvests, (2.19) should be accordingly modified. 
The entrepreneur should therefore maximize wealth, or al- 


ternatively, the value of land. 


Wealth Maximization: Rotations in Perpetuity 


Wicksell and Bohm-Baverk considered trees as 
an example of a capital good. Their investigations were 


not aimed towards developing a realistic model of forest 
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investment. 

The first model which assumed rotations in per- 
petuity was developed by Faustman.!® His investigations 
were directed towards determining the value of land under 
forest cultivation. Since Faustman, the solution has 
been reaffirmed by many authors, including Gaffney,!’ 
Hirshleifer!® and Samuelson.) 

Faustman assumed a yield function invariant un- 
der different levels of labor input. His function is not 
the same as (2.14) as the costs of establishing the crop 
(and therefore acknowledging a labor input) are central 
to the analysis. It would be safe to assume his yield 
function corresponds to a fixed-coefficients form’? while 
later authors have admitted the possibility of substitution 
between the labor input and the rotation length. 

With all parameters as previously defined, equa- 
ee (2219) may beyrewritten for am 1nfinite Series (or ro- 


tations: 
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The solution to (2.23) 4s the present value of all future 
net revenues (discounted). With competitive markets it 
is also equal to the value of land under forest cultiva- 
tion. Under management, the land will yield a perpetual 
series of periodic net revenues, equivalent to a revenue 
of R per time period and therefore: 


R é a0 Sires 
= = PAPE ite a os ee (25 a) 


L == 
rT tt eae 


The maximization (2.23) leads to interesting marginal 


Conditions. Denoting L*, t* as the solution: 


oF (L: ee 
Mee ef" =u ~ # ». (2.25) 
L=L* 
-oT* 
oF (L; F (L*>t* BS k 
p anne) = of Ae + prose} a ac, 
T=1* l-e 


Eguation (225) 1s 1dentical Loe (2). 21) namely, that the 
discounted value of the marginal product must equal the 
Wace ate. BQUation, (2426) ie edciay simplified by noting 


(2.24) and Substituting: 
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See Figure 2.2. 
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Assuming the entrepreneur does not own the land and there- 
fore pays the rental fee R during each time period, the 
left hand side is simply the marginal revenue of delaying 
the harvest one time period while the RHS is the oppor- 
tunity cost of that delay. Equation (2.26) is therefore 
Simply a marginal revenue, marginal cost solution. 
Equation (2.26) may be rewritten by dividing 
ehinougniby pl (L*;7*) and appealing to (2.25). The nota- 
tion has been changed for convenience however the equation 


is still evaluated at (L*;1*): 
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In this model, if the elasticity of volume with respect 
to the labor input ©S unity, the result 1s the same as the 
previous model. 


This model yields several comparative static 


results :?! 
(eee = eee doe) ees BORED 


These results indicate that an increase in the 


rate of interest will lead to a longer rotation and that 
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the entrepreneur will reduce the labor used to establish 
the crop. Substitution between the labor input and the 

rotation length is implied. It should be noted however, 
that the rotation length is a parameter and not a factor 
of production. The term substitution is therefore used 

in a slightly different context than is understood in 


economics. 


oL oT 
au lS : 
(b) OF Si 0 | ewes enw) 
As most economists would predict, an increase in 
the factor price will lead to substitution away Erom) that 
factor. In this analysis, an increaSe in the wage rate 


will result in a longer rotation. 
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These findings indicate that an increase in the 
Sale, price:of timber will result in »a shorter more anten- 
sive rotation. The entrepreneur will utilize more labor 


and allow the crop to be harvested on a shorter rotation. 


Concluding Comments 


In the previous sections of this chapter the 
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technology, assumptions and the results which follow from 
the assumptions have been detailed. Indeed, the assump- 
tions are the key to the analysis and as such deserve 
some discussion. 

Competitive markets with profit or wealth maxi- 
mization are assumptions largely traditional to economic 
analysis. Maximum sustained yield plays a similar role 
in che History of thought on forestry. “The “analysis 
could be undertaken using different assumptions of market 
structure and behavior. 

Perhaps the most heroic assumption in this ana- 
lysis is that parameters do not change over time. The 
mathematics also imply that the entrepreneur views the 
riskless future with certainty. Expectations could be 
introduced and the model made probabilistic. Mathema- 
tical manipulation will then perhaps overshadow the nature 
of forest investment. The result of this type of approach 
would be a loss of simplicity. 

Although the model lacks realism it is still in- 
sightful when one considers the state of the industry to- 
day. Commercial forest land is either private or publicly 
owned. On private land the trend has been toward shorter 


more intensive rotations. The analysis suggests that this 
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type of substitution may result from increases in the sale 
price of timber, ceteris partbus. On public lands the 
entrepreneur may be limited in is’? choices.of oteation 
lengths. If thisconstraint binds the entrepreneur to a 
longer rotation than he would otherwise choose, the model 
would suggest the rental payments must be lower in order 
to compensate. In this case, one can easily envision the 
development of a system with lower rental payments and 


regulations to assure establishment of the new crop after 


harvesting. In the face of such controls, the entrepreneur 


May minimize the cost of establishing the new crop. 
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Footnotes 


na good discussion of four types of production including 
point-input, point-output can be found in: 

Tisdell, C. A., The Theory of Feonomie Alloeatton (Syd- 
ney: Wileysand Sons, 1972); -p.. 331, 


2This implies that labor demands payment immediately 
for services. This appears to be a reasonable assumption. 


3Parming cereal crops is a point-input, point-output 
process in which the entrepreneur has little or no control over 
the length of the period of production. 


‘Wicksell, K., Lectures on Political Feonomy, Vol. 1, 
translated by L. Classen (London: Routledge and Sons, 1934), p. 181. 


\Tbtd. 


6MacKinney, Po Me, Cb age, “Construction of Yield, Tables 
for Non-normal Loblolly Pine Stands," </. Agric. Res. 54 (1937), pp. 
534-535. 


7Note that this function violates the first property 
in the previous quotation. It is, however, simple to estimate. 


800. Cit.s Pp.» 353. 
The logistic growth function: 


y= w/a ea a 


has the property that the inflection point always occurs at 4K where 
K is the upper asymptote. For this reason it is rejected for use in 
forestry. 


Jone possible specification of this function is: 
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Therefore, if L = 0 and A = ————~y, this reduces to equation 
(ite jae 
(2.15)s V= aNg er inchs Ih) Oy. a 22 0s 
2 
o°V 97V av < B 
= Pe Oana war 0) eciS, ihieck at 
dLOT dtoL OT ane 


10 
See: 
Davis, K. P., Forest Management: Regulation and Valu- 


ation, Second Edition (New York: McGraw-Hill, 1966), p. 226. 
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ation (1966), p. 6. 


12mMetzler, L. A., "The Rate of Interest and the Marginal 
Product of Capital,” J.P.. 58 (1950); p- 293. 


'3pavis, K. P., Forest Management: Regulation and Valu- 
ation (1966), p. 100. 


1“BShm-Baverk, Eugen von, Capital and Interest, Vol. 3 
(1909), translated by Hans Sennholz (Illinois: Libertarian Press, 
1958)), 1p. 2 and footnote 32. . 
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16Paustman, M., "On the Determination of the Value which 
Forest Land and Immature Stands Possess for Forestry," (1849), editor 
English edition M. Gane, Martin Faustman and The Evaluatton of Dis- 
counted Cash Flow (University of Oxford: Commonwealth Forestry In- 
stitute, Institute Paper 42, 1968). 


'7Gaffney, M., Concepts of Financial Maturity of Timber 
and Other Assets, Agricultural Economics Information Series 62 (Ral- 
eigh, N.C.: North Carolina State College, 1957). 


18Hirshleifer, J., “On the Theory of The Optimal Invest- 
ment Decision," J.P.E. 66 (1958): 198-209. 


19samuelson, P. A., “Economics of Forestry in an Evolving 
Society," paper delivered at Symposium: "The Economics of Sustained 
Yield Forestry," University of Washington, Seattle, Washington, 1974. 


20See: 
Nicholson, W., Microeconomic Theory: Baste Prinetples 


and Extenstons (Illinois: Dryden Press, 1972), p. 208. 


21The comparative static results are from: 


Jackson, D., "On the Microeconomics of Timber: A Matur- 
ing Asset." Unpublished doctoral dissertation. Seattle: University of 


Washington, 1975,. pp. -23=25. 


The growth function upon which these results are derived is concave 
in T. The growth function defined in this paper has one inflection 
point. Therefore, the comparative static results are applicable 
here only if the solution to (2.23) occurs at T* > 1’ where T' is 
the inflection point, since the volume function is concave in T for 
those points. 


The sufficiency conditions for an interior maximum are: 
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Since the right hand side of this inequality is always positive and: 
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if the sufficiency inequality holds for some L*, T*, it must be true 
that: 


=z - p< 
oT T o 


V 
p) 

; (a-B/T) -z -3 

Lie Vyo=e A\OL “ + (1 - 6)} 2, then it must be true at L*, 
rw jelovehes 


Let us assume that T* = T' = 8/2. This requirement becomes 0 > 0. 
A maximum at L*, T* = T' is therefore very possible. If a maximum 
Sceurswat = =e (then : 


ee p: 

Cove 
if/¢ = 1 and 6 = 10, this requires’ that p> .125. 9A low 6 as there— 
fore assumed. This assumption simply means that growth is slow which 
is not unreasonable for many areas. Jackson's comparative static 
results hold unless the maximum occurs at the inflection point. This 
point is assumed away in order to present the results. 


The reader may ask why the author has invited this prob- 
lem by defining this type of growth function. The inflection point is 
theoretically correct (albeit insignificant), and required for the 
proper development of the dynamic models of the next chapter. 
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CHAPTER THREE 
DYNAMIC MODELS OF RESOURCE EXPLOITATION 


the purpose of this chapter is to review three 
dynamic models of renewable resource exploitation. Al- 
though the models are directed toward the common property 
Lesounce, they are still of interest to) thie study. 

Plourde's model! is perhaps the simplest of the 
three but at the same time on the basis of ere veoneluedo ns 
that may be drawn, it is the most powerful. The resource 
planner maximizes welfare which is given by the sum of all 
intertemporal discounted utilities. Under this framework 
the nature of the steady-state that will evolve is easily 
examined and the state can be rather explicitly deter- 
mined. The problem is formulated as a.current-valued 


Hamiltonian? and solved using the Maximum Principle of 


Pontryagin et al.* 


Smith's model* of the appropriated forest re- 
source is static in nature. This model assumes the entre- 
preneur maximizes profits and investigates the nature of 


the static equilibrium. A dynamic model based on similar 
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assumptions will then be examined and the results of the 
two models contrasted. One of the most important features 
Of both models is the cost function. In the Static model, 
this function plays a key role in determining the eauili- 
brium while in the dynamic model the discount rate may be 
more important in determining the steady state. 

_In Brown's model,° production is determined by 
ayproduction Tunction incorporating al varuable factor and 
the stock: of the xesources The cost jof the, production is 
determined by the factor payment rate and the quantity of 
the variable factor employed. The planner maximizes dis- 
counted net revenues for all time or, alternatively, 
wealth. The problem is again formulated as a current- 
valued Hamiltonian. 

All three models assume that the growth func- 
tion of the resource is given by the logistic function. 
The nature of the £unction, and its stability properties 


will be considered first. 


The Logistic-Function 


The logistic function or "Law of Population 


Growth"® may be written: 
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where x denotes time from the population's origin or the 
age of the population. N therefore is the number of in- 
dividuals comprising the population. 

The function is often used to approximate the 
mass growth of an individual.’ It has also been used to 
approximate the mass growth of a population.® In the fol- 
lowing exploitation models the latter seeunieeion is made, 
N is in these cases the mass of the resource while x is 
again the age of the resource or time since its origina- 
tron. 

The function “(3:170) isan “S"” shaped or sigmoid 
function with an upper asymptote of k. The inflection 


r 


point always occurs at x; when x = = The curve is sym- 
metric about the inflection point. 

It should be noted that the logistic function is 
not in itself characteristic of growth but that the sigmoid 
form iS the essential feature. “The Logistic function, 
equation (2.15) and the so-called "Gompertz Curve"? are 
just examples of the family of sigmoid functions. The 
logistic curve does have desirable characteristics, one of 


which is the fact that the first derivative is easily and 


simply expressed as a function of the mass itself: !° 
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The stability properties of (3.11) should be con- 
sidered. In view of (3.10) it is evident that N > 0 for 
x = 0 and therefore the complete absence of the resource 
will not biologically exhaust the resource. One stable 
equilibrium does exist at N = k and for any mass of the 
resource different from k, the resource mass will grow or 
decline, approaching k. These properties are graphically 
displayed in Fig. 3.la. Further properties of the sigmoid 
growth function will be illustrated using Fig. 3.lb. As- 
sume a policy is instituted which allows for the harvest 
of Cy units of the resource in each instant of time. 
Further, assume that initially the stock of the resource 
is No. Since Cy > (dN/dx)|N = N., the stock of the re- 
pource Will “tad until Cy = (aN/dx) |N = N, and the stock 
Wile remain at Nj. Similarly, with the unltevales coc. Ny, 
Cy > (dN/dx)|N = N, and over time the entire stock of the 
resource will be harvested. The equilibrium at Co = 
(aN/dx) |N = Ny is not stable however. If the stock should 
ever fall below N,, the entire stock will be harvested 
over some period of time. If the stock momentarily shifts 


above Ny, equilibrium will be xestored. 
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Figure 3.2 
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Suppose a policy is instituted which calls for 
the harvest of C,; units of the resource in each instant 
of time. Fig. 3.lc illustrates the movement of the Syvs- 
Tem. wit the resource stock’ is initially atene> Nyeand 
with a harvest of C; in each instant of time, the resource 
stock’ will equilibrate at N = "Noo This-equilibrium! is 
stable for all N > Ni “since Cj, <. (dN/dx)|N, < Ne< No and 
C, > (dN/dx)|N > N,. Another equilibrium exists at C; = 
(dN/dx) |N = N,. This equilibrium is not stable however 
since a momentary change in the resource stock will result 
in complete harvest of the resource stock or the establish- 
ment of the stable equilibrium at N = No. The former case 
arises when N < N, Since C; > (aN/dx) |N < N, while the lat- 
ter Oceurs jwhen N >°Ny because C, <e(aN/dx)1N,oo°N <= Nj) 

Diagrams of this type are not novel to dynamic 
resource models, the reader familiar with Neoclassical 
growth models will recognize them.!!_ Indeed, they may be 
interpreted in another manner altogether and some in- 
Sight gained into the nature of forest policy. It has 
been shown that with any exploitation at .all, only one 
stable equilibrium exists.!* However, this is only a re- 
sult of the assumed policy setting the harvest at some 
level for all time. Recall the derivation of (3.11) in 
footnote 10. For each N or resource stock given in (3.11) 


there corresponds a unique x or age. Suppose a policy 
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was instituted (see Fig. 3.lc again) that set the resource 
Stock at N, for all time. Associated with N, is an age, 
call it x,. The policy could work this way. !3 The author- 
ity would simply decree that all individuals of the resouce 
may be harvested at age x; but at no earlier age. In the 
case of forestry, this would simply mean that no acre may 
be harvested until age x,;. Similarly, for fisheries, set- 
ting the mesh size of nets and noting that age and size 
will be highly correlated, the result will be the same. 
Consider the stabilizing effect of such a policy on the 
system. Assume that initially the stock of the resource 

is N > Ny. The policy 1s instituted “and all andividuals 

of age x > x, are harvested. Equilibrium is established 

at N, with C, = (dN/dx)|N = N,.!* Suppose the stock falls 
below N, for an instant, the policy becomes very effective, 
C may fall for a period of time but the equilibrium will be 
restored. The equilibrium is stable. Notice that it 1s 


the policy which determined the stability of the system. 


Plourde's Simple Model 


The problem is simply stated: 
Suppose a planner wishes to control the con- 


sumption of natural resources so as to maxi- 
mize the welfare functional: 
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The cardinal utility function has as its argument C(t) or 
the harvest (catch, cut) from the resource. If is impli- 
citly assumed that the utility at any instant of time can 
be added to utilities from other instants of time to yield 
a measure of welfare. The positive discount rate signi- 
fies decreasing rates of substitution of future consump- 
tion for present consumption as the future recedes. 


-Plourde's Hamiltonian is therefore: 


HEC(t) NCE) p(t), te be= furecey 1 tip Ce) Pun () 


_ EN (t)? ~ ect) ite Pt he tes) 


the solution of which is equivalent to the solution of 


the current-valued Hamiltonian: 


HL Git) Wit) 7p Ge) aU C(t) eo (tien it) 
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The properties which the utility function U!C(t)] pos- 


sess are important. To be consistent with economic theory: 
WT GeCe aie 60) sie Ce) ea) 


but in addition to the above it is assumed that 
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UF Oe) aoe i oketane, (oe sults.) 
This assumption is necessary to assure that the harvest 

in any moment of time is never zero. An interior solution 
to (3.14) is therefore guaranteed and the harvest of the 
resource will be positive in all time periods. Though 

not stated, the assumption of diminishing marginal utility 
in this model is required. 


Problem (3.14) is constrained by: 


OS AEE EN (os ae -~ C(t) 
NGte2 <0 CCE) ee) 


Dropping the time subscript, the necessary conditions for 


a maximum are !°: 


oH , - Zs 

sa = U'(C) - p= 0 pee eos 
and 
° oH 2m Wad Dre | 
p = PP - Oy = PP gee eae ey ee Sea, . . (22a) 


In addition, the transversality conditions must also be 
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satisfied: 


e Pron = 0, e PD = 0 ye Seo (eae) 


The transversality conditions require that the 


-ot 


present value of the resource stock (e pN) and the 


present value of a marginal unitof resource stock (e °*p), 
in the limit, equal zero. 
Note that from (3.15), C may be expressed as a 


Lunceon, GE cps 


C= C(p) fe Oo (S.a9) 


On the basis of the utility function assumptions, (3.19) 
is a single-valued function. 

The nature of the steady-state solution can be 
investigated by examining the system of differential 


equations: 
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First, when dp/dt = 0, either p = 0 or: 


Op ="r°4+ =N = 0 Pal ,2 (gta) 


Inegview or “(3.15)), ep ="0 Ts "neti possible since by (3816) 
this would mean U'(C) = 0, a contradiction since U'(C) > 0 
by assumption. Therefore, p > 0 when dp/dt = 0. Denoting 


the steady-state values of N,p,C as N*, p*, C*; N* is given 


so ay a Reke ey Ue 
Secondly, from (3920) ) when tdn7dade =20% 
rN - WN? ="C(p) ="O 
Fong enis Purye: 
OS Cpe 
dp aN aie 2rN 
k 
and therefore: 
dp = £ = 2tN/k 
aN | *_, C' (p) et ato 


where N = anv at. 


From (3.16) and recalling that positive but di- 
minishing marginal utility is assumed, C(p) is a decreas- 


ing function of p and therefore C'(p) is negative. For 
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Nhe, (3.22) Gs Negative: 

At this point it 1S very instructave to pause 
and consider the results of the model. Tt is easily seen 
that k/2 is the inflection point in the logistic func- 
tion. We also know that the equilibrium level of the re- 


source Stock 1S given by (3521), and therefore: 


(s23) 
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Assuming that po > 0 then the steady-state level of the 
resource stock is at a level less than that given by the 
mntlectvon point on they function, Pigure 35 7e a) fuscraces 
elelGe slow bgker, | 

From (3.20); for fixed N,. and recalling ‘C(p) 


£0 be a décreasing function of p, 1t Eollows that 
ch = ;N? = Gi py 0 


is an increasing tunection of ps Therefore below (the curve 
aN/dt = 0, dN/dt < 0 and above it dN/dt > 0. Sa taal carat ey, 


foOmeg. 7) “fOr fixed p: 


is a decreasing function of N. Therefore: 
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Denoting dp/dt > 0 with upward arrows and dN/dt > 0 with 
arrows pointing to the right, the motion of all points in 
phase space is indicated in Figure 3.2b. 

Consider the points in region tts Suppose ini- 
tially, N(0), p(0) are in this region. Then, since N > 0, 
p > 0 equilibrium at N*,p* is not possible. Any path 
entering region II at any time will never reach N*,p*. 
Hitiiarly, with inttaal N(0),, p(0) in region IV we mote 
that N < 0, p < 0. The resource is wiped out. Any path 
entering region IV will never achieve the steady-state 
N*;p*. <Any point initially in region Lil jor 1 may _be ton 
the path eventually reaching equilibrium. Any path in 
region I or III which never leaves these regions is an 
optimal path for if a path enters region II or IV it will 
never reach N*,p*. 

Noting that the Lagrangian multiplier p may be 
interpreted as the price of a marginal unit of the resource 


stock, the two major conclusions of this model are: 


(1) with a positive discount rate, the optimal steady-— 
state level of the resource stock is less than that 
given by the inflection point on the growth curve and, 

(2) the planner can assign the initial price p(0) which 


will guide the exploitation of the resource optimally. 
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Therefore, when the stock of the resource is high and a 
low price imputed to that stock, exploitation will reduce 
the stock. When the stock is low, a high imputed price 
will assure conservation. Given the initial stock of the 
resource, the planner should set p so that the initial 
point is in region I or III of the phase. diagram. 

20 | 


Fanalivy, af 6° <5 = =N the resource will be 


exhausted. 


Smith's Model of Exploitation 


Smith's article!’ contains a comprehensive study 
of dynamic models of resource exploitation. Both renew- 
able and non-renewable resources are considered. The ma- 
jor thrust of the paper is in the area of resource ex- 
ternalities, specifically crowding and stocking externali- 
e165. Crowding Gxternali ties occur as a result of the 
common property nature of the resource. As the number of 
individuals (or firms) exploiting the resource increases, 
the costs of exploitation rise. Smith also assumés that 
Stocking externalities influence the cost function of the 
firm. As the stock of the resource increases, capture is 
assumed easier and costs fall. 

The article contains a model of the unappropri- 
ated forest resource. This assumption is unrealistic 


since tenure systems exist in forestry. A static model of the 
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appropriated forest resource is also contained within the 
paper. YVhe first task of this section will be to review 
this model. <A dynamic model based on similar assumptions 


will then be introduced. 


Smith assumes that crowding and stocking externa- 


lities do not exist in forest exploitation. The latter 
assumption, though not critical, is questionable since 
one would expect costs to fall as the volume density of 
the forest rises. In the interest of comparison of the 
results, the dynamic model presented will retain his as- 
sumption. The number of units of physical capital (for 
example, boats or harvesting machines) is denoted as (Kk). 
Each unit of capital produces output at the rate (X) and 
the price of such an output unit (P) is assumed constant. 
The resource grows according to the growth function (3.11) 


which for convenience will be written: 
v= £ (N) ee ste 


The problem the entrepreneur faces is to maximize profits 


given the cost function:!® 


TE. Sako Rive ot! (oe 0 paeE (XS: Ohno ee Ss 2) 


subject to the constraint: 
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es £(N) -="RxK?="0 Cafe SP caiec sina ee A of 


Tt should be pointed out that (3.726) is binding and’ the 
model therefore static. In addition, the entrepreneur 
decides how many units of capital and at what output rate 
they will operate. 


Smith's Lagrangian is therefore: 
w = PKX - Ko (X) + y{ £0) ~ Kx} Se oe lee) 


The necessary conditions for this problem are: 


a = PX - $(X) - yX = 0 ea Gore) 
oe = yf'(N) = 0 Sane | 

av Sie Sel ae Sine ASO) 
= f(N) - KX = 0 Pe eee) 


The major point of this model involves (3.29). 
If the constraint is effective and y # 0, then £"' (N) = (0. 


The entrepreneur will therefore set the harvest rate equal 
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to the highest growth rate possible. Referring back to 
nig. 3.1b, the stock of the resource in equilibrium will 
bo No with harvest rate Cy. This implies that the forest 
would be managed to maximize sustained yield. Substitut- 
THs (2. 30)) nto. (3.28), eliminating y, a further necessary 


eondi tion is: 
4 
o(%) = 6? (xX) Reet Ome es 


Or average and marginal costs are equal. The firm will 
therefore operate each unit of physical capital at minimum 


average’ cost. “Looking at °(3-30)" 
Beran Oe ay 


the reader will note that y > 0 and P > $'(X) since only 
this case yields non-negative profits. In fact, since 
P > o'(X), this model suggests that the firm will be earn- 
Hig prOolits in searinise fan The Lagrangian multiplier 
may be interpreted as the marginal profit associated with 
an increase in the resource stock. 

One further point should be made concerning this 
model. Equation (3.32) determines the intensive margin 
for the firm; that is, each boat or machine will be oper- 


ated at minimum average cost. The constraint (3.36) and 
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equation (3.29) determine the extensive margin for the firm 
Or Ener rate ot outpur. 

The basic assumptions of this model can easily be 
considered in a dynamic framework. For this purpose it 
will be convenient to consider the firm's control variable 
as the rate harvest of the resource in each time period. 
Therefore, denoting the catch or cut as (C = KX) and as- 
suming the entrepreneur maximizes discounted profits sub- 


Jeet to the constraint: 


ee Ny eoeG new ere eo tas) 
the appropriate current-valued Hamiltonian is: 
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where the cost function h(C) is given by h(C) Ko (X). 


In addition to (3.33), the problem is constrained by: 
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where p is the discount rate. It is also required that the 


transversality conditions be satisfied: 


Equation (3.36) can be solved for the steady state level 
Of the resource stock by setting h= 0. Therefore, either 
A = 0 or p = f'(N). It is not possible to qualitatively 
determine which condition holds in the steady state. 
Notice however, that if } # 0 then p = f£'(N) which is the 
same result the Plourde model yields. If X} = 0 then the 
constraint (3.33) is not binding and (2:55)? andicates 

that price and marginal cost must be equated. 

The point of introducing Smith's static model and 
then a dynamic model was simply to bring to bear the influ- 
ence of time on the solution. The static solution indi- 
cates maximum sustained yield while the dynamic approach 
confirms Plourde's result that the rate of growth and the 


interest rate determine the optimal steady state resource 


stock. 


To this point, a dynamic model based on utility 
and one centered on a cost function have been examined. 


The last model considers the same exploitation problem 
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but from the point of view of a production function. 


Production from the resource is given by the 


production function: 


C = G(N,k) oe ty seMhOnLy) 


which is assumed to be homogeneous of the first degree 
with C as the catch or cut and N the stock of the re- 
source. K may be considered capital or boats as in the 
previous model. The output from (3.37) is valued at the 
constant rate P and the variable factor K is priced at 
the constant factor price W. 

As with the previous models, the resource grows 
according to the logistic function (3.10) in the absence 
of exploitation. For the purposes at hand the resource 
will be assumed to be appropriated. The planner there- 


fore is assumed to maximize discounted profits: 


foe 


/ {PG(N, K) = ope" PFat wee) BOS 88) 


In view of the homogeneity assumption the problem can be 


LewriLtceen: 
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where: 
g(k) = o[1.8]N, kif 
The current-valued Hamiltonian is therefore: 
H = {[Ps (1 - ok)N iF MESUL = ng (x) |} Ae. eae 
The constraints of the problem are: 


N = £(N) - Ng(k) nae beug 3424 1) 


The necessary conditions for a maximum are: 


oH EPs Mabie) cade Peme e 
7k (P A)g' (k) Ww 0 ( ) 
° dH 
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and the transversality conditions: 


i : , n a3 
SE th, a eae og" aa 
i; 7 : 7 
2 re a 
ae 7 
Les at s¢ Limeft be . —vierius sat 
(SxOieyeny 26 uel ass iems bis akin at 
| - 7 
{| ’ Ld) 
(ii 7 i a . i rh ry’ = (yi 7 *' @ ® isi + (41 09 iy = i 
} . 
sQ-sa fisl core miit* to falta ais arto em 1T 
{pt f } ; (> yp - i 15 7 oF : 
t § 
{ ‘ ies 
_ 


A hy L ne AY 


Ste nti: ser 6 <d* 2ncks  Sqad See on sail 


Looking at equation (3.42) and interpreting A 
as the imputed value of a unit of unharvested resource, 
(P - X) can be viewed as a net price. Suppose the planner 
imputes no value to an additional unit of the resource 
stock. Equation (3.42) simply means the value of the 
marginal product of the variable factor must equal its 
factor price. Li.a high value, of \ is imputed, ther value 
of the marginal product falls and therefore the rate of 
exploitation or harvest should fall. The interpretation 
bE A allows clear insight into the problem of common pro- 
perty. Each user of the resource does not value the 
stock, of the resource since there 1s no: guarantee chat a 
unit of the resource stock left unharvested will be avail- 
able in any future time period. The value of i is there- 
fore zero and the resource is aeoiecca at a faster rate 
than optimal. 


Equation (3.43) can be rewritten: 
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Notice that in the steady-state with } = 0 if the imputed 
value of a unit of the resource stock equals the market 
price then (3.44) requires f'(N) = ep. A general inter- 


pretation of (3.43) can be given if written: 


52 


7 era ¢ | 7 y ae iy 


) Sa 


, ‘ - 


A pnisoi17d aint, fre (c6 ft) nob 


€ 


lpal 
a 7 

eld tit odd ae 
i aon | A 
wentigien 93 s2oOqay2 “B3b1y ign «6 BE: bi a> i 


_ 
gn TNGes acy to font fanot? cbbs! ioy2 au he j a 


‘ a 
‘Soysoses DeasVaedar PO Fin + 40 au LEN 


adi Ro! sults Sdf ancan yignre Athi woiraupe 
x2} Téipe (tedm Seise? Sttteitav) sat: to spubesa snipe 


wie I Sy 2s petg int o Yr ae : i‘ fpr e Tr aa ils nf 09 “ 


' 


té eve: er sieteaedd bas 2lisi tovbou, femipmam: ang 


Aotwatsayssend saT 9 0£2) vinofe cassia Sichincsaaaae 


¢ a ~ vi = 
aattiera ett cori Sitelant GEgaS we {fe f al 


i Noma = q 
add Sufay jon =260 Stouceeul eda in Teed rind eee 
4 = 5 
se theft Sarna sun or cl, STEM, Set.2 sotveRe2 343 30. Ae at 


7 7 : : 
—Flevs ad) [laa hes 29 t 90) iS UOfen and tes; on 7 
. 


i » if 
=~. e9g cl Fao ee l&s) ad? od) ten, =anhs sais TZ 445 pet ‘e i ; 
j i : eet) bake . 
ose ¢ 19368" 2 7 sh @7. sna \y sae ae eise 82h 
" ate a8 as 


"(Poe tai? st’ eo’ 1Eb.T | 09 sept 


i , 26 ' \ ie 7 ' 
6 2) ‘ ‘ Key * aa i Gone yA) 14 
. ‘a , - a ' Pt - 
besiigns vents 4) 0 =)\ #9 iw ateresySasiA ‘a 
os ; 


i id oi. efewps S098 SaHO8s = sity a6 a E 
— 
se a: ae: my 


peor oy 2 ee 


53 


In this form,'9 the interpretation is that the sum of the 
marginal productivity of the resource (9H/3N) and capital 
gains (X) must equal the interest on the investment of an 
additional unit of resource stock (pA). 

The phase diagram analysis for this model will 
not illuminate any new points. It will suffice to state 


that (d\/daN) 


N=0> 0 and (aA /aN)|d = 10) <= 02fer sthis, prob= 


lem. 


Sufficiency Conditions 


The sufficiency conditions for the three dynamic 
models are satisfied if 29: 
H°(N,A,t) = "A" H (N,C,A,t) 


is a concave function of N given N,A,t where » is the co- 


state variable. 
In both Plourde's model and the dynamic model 
using Smith's assumptions H°® is concave for all N, while 


in Brown's model the condition is satisfied if: 
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Concluding Remarks 


The three dynamic models reviewed in this chapter 
all utilize different approaches and are somewhat similar 
to static utility, cost and production analysis. Plourde's 
model gives rather definite results. The steady state 
level of the resource stock is unambiguously determined. 
The adapted dynamic model of Smith's static analysis 
yields the same steady state resource stock as the Plourde 
model but the assumption that the co-state variable is not 
equal to zero is required. Smith's static model indicates 
that the resource should be managed to maximize sustained 
yield. The effect of introducing time anda discount rate 
into the analysis changes this prescription. In both 
models in the Smith section, the cost function had output 
or harvest as its argument. Stock externalities were not 
present. Brown's model introduces this assumption by in- 
cluding the stock of the resource as an argument in the 
production function. “Ther results are more ditiicul’ to 
interpret and in general, the steady state resource stock 
level may be the same as the Plourde model if further 
assumptions are made. 

In all these models, the logistic curve has been 
used as the basic growth function. In fact, any sigmoid 


growth function may be used and the same results obtained. 
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The Gompertz curve is: 
N= k cxp{-0° 
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12Recall that. for x=0, Neo. 


13 : are . 
All individuals in the population must have a lifespan 
greater than x, for the policy to work. 


] . : : “ See 

*wWe will retain the assumption implicit in the dynamic 
models, namely that the policy does not change the production or 
growth function. This assumption will be examined in Chapter Four. 


15piourde, C. G., "A Simple Model of Replenishable Natur- 
al Resource Exploitation," 519. The discount rate in this article 
is 6 but to be consistent the discount rate in what follows will be 
O. 


l6mor a current-valued Hamiltonian with one state (N) and 
one control (C) variable the necessary conditions are: 


oH ° dH 
—-0 P= pP -— 
aC d oN 
See: Arrow, K., "Applications of Control Theory to Economic Growth," 
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17smith, V., “Economics of Production from Natural Re- 
sources." 


l8with this definition of the cost function, which is 
Smith's, marginal and average costs are never equal. The neces- 
sary conditions which follow cannot therefore be satisfied. 
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20See: 
Arrow, K., “Applications of Control Theory to Economic 
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CHAPTER FOUR 


A PROBLEM AND CONCLUDING COMMENTS 


The purpose of this chapter is three-fold. 
Firstly, this chapter will bring together the various con- 
clusions that can be drawn from the dynamic and static 
models of the previous two chapters. The static models 
were constructed around a growth or volume function which 
embodied the characteristics of forest growth. The func- 
tion was sigmoid and a possible example was given in the 
second chapter. The dynamic models were based on the 
logistic growth function. In order to compare the models 
it is imperative that the same function be used. Therefore, 
the dynamic models must be reconstructed around the same 
growth assumptions as the static models. It is easily 
shown that this alteration does not change the dynamic 
models in substance. The static models allowed for the 
possible substitution between the labor input and the ro- 
tation length. The labor input was variable and determined 
as part of the problem. The dynamic models implicitly 


assume that the labor input is fixed at some level and 
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therefore labor does not appear in the problem. This point 
must be reconciled in order to allow comparison. 

Secondly, this chapter will bring to light a 
problem which affects the dynamic models as they pertain 
to forestry. The problem is essentially one of agqgrega- 
tion. Naturally it would have been desirable to present 
the problem in an earlier chapter and show the solution to 
it in succeeding pages. The problem comes to light as more 
realism is introduced into the models. It is hoped that 
the discussion of the problem will be lucid enough to al- 
low the reader to judge the relevance of the results from 
the dynamic models. 

Thirdly, this chapter will present my conclusions 


based on this study. 


Steady States in Seven Models 


To this point, seven models have been presented. 
In this section the models will very briefly be reviewed. 
The static models determine when an acre of forest should 
be cut, or how long should growth be allowed to continue. 
These models give, as a result, a rotation age. The dyna- 
mic models also answer this basic question. The steady 
state that results under the assumptions of these models 
indicates a level of resource stock which would be main- 


tained. At this level of stock in the steady state, the 
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resultant growth in each time period is cut. Associated 
with this level of resource stock is an age. In the steady 
State, this age indicates the oldest acre that will be 
found in the forest. Therefore, in some respects, the two 
types of models can be compared. Before such a comparison 
is undertaken however, certain points must be reconciled. 
In general, dynamic models of resource exploita- 
tion assume the growth function of the resource is given 
by the Toqistic function. The popularity cf sthws form 1s 
most likely due to its simplicity.! Chapter Three was 
developed uSing the logistic function-explicitly in the 


Plourde model: 


=~ = rN - <N* of Cau Po ta (a i) y 


and implicitly in the remaining models of the chapter: 


oN = £(N) ee eee ie) 


The transition does not change the models in any substan- 


tial manner; the important result of the Plourde model 


may be given as: 
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In fact, any sigmoid function may be used in equation 
(3.24) without loss of generality. In terms of volume 


(V) rather than the resource mass (N), it may be written: 


ute (a - log v)? 
ae = O(V) aS ee C e . Care i} 


which follows from: 


log, VC eect a eee ela) 


The readers attention is brought to the fact 
that V is defined as volume per acre and in making this 
transition, the results are now on an acre basis rather 
than upon the ambiguous definition of N as the resource 
mass. 

Before the static and dynamic results can be com- 
pared, one further point must be reconciled. The static 


models explicitly incorporated a labor input in the volume 


ENCE LON: 


Vo Ei) Seer ter hy 


ea Nata aie od ven ‘Abie: @ : 
privy 26 emasr at mere oa 


Pere ee) ee ea sits 


ry | 


Bey | Ny 
(Wedd = vi} ; ¥ 
if. %) , . or iT cy (V)Q > . . i . 
:ore® awolLow 
(BES wey | Wilts POST ghee 


sont ai? ad filpasia st avi sugite a ‘ pelbaser eat 
etelt paiviem a bay #208 iad omblov 2x pond asle wd ¥ — 
“reri%62 avasa SxOb GB Ap! VOR STE, eri vaes song, canta teak 
soations4 9 an Hto) nakss0! Pep covordins. aii some, Ni 


“ton ad as natvest oem hives phrase om 
aiid ont yf bones inne avn seam 


61 


However, labor is not considered Sep lveiw ly tini ( any 
(3.24) or (3.11). If the maximization problem given by 
(2.23) results in the border solution L* = 0, then all 
results are comparable. L* = 0 simply means that the dis- 
counted value of the marginal product of labor is always 
less than the wage rate. This may not be too far away 
from the real case in forestry as evidenced by the regqula- 
tions requiring reforestation. If an interior solution to 
(2.23) results, the dynamic models and this comparative 
static model are still comparable if (2.13) for fixed 


Le L* 1S written: 
Ve=—BG CT) eh he ea eee) 


and (4.11) therefore becomes: 


[a - lode (V/B).1°°v 
ONS AM ee sais ei aes CAs 
dt B 


In either case, the results are comparable. The 
author feels that the former case is a more adequate re- 
presentation of forestry in Canada. 

In the north-east quadrant of Figure 4.1, F(L*,tT) 
is graphed. The reader is left to decide whether an in- 


terior maximum will result from (Deo oa 
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The objective of maximizing sustained yield was 


discussed early in Chapter Two. The problem was given bv 


MAX) F’CL* +t) 
° Euaket } eo ke ww Are) 
and =the’ selution by 7. (‘On FPagure 421) the solution as 2i1so0 
given by tT. The goal of maximizing sustained yield will 


result in the harvest of V units of wood at intervals of 
T years on each acre. If a forest contains T acres, then 
one acre would be harvested every year. Looking at the 
south-west quadrant, with a resource stock of V in the 
steady-state, the harvest and growth in a single time peri- 
od would be g. With this level of resource stock and T 
acres, g represents a harvest of V units of volume per 
time period. 

The Wicksell-Bohm-Baverk solution occurs at 
that t where the per-cent growth rate is equal to the in- 
terest rate. This solution was found under the assumption 
that the entrepreneur maximizes net revenues for a single 
rotation. The similar problem of maximizing net revenues 


for rotations in perpetuity was given by: 


°. net torah 
Max PE (Litle — =I Sia dome) 
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The solution to equation (2.23) is denoted (LA, 1) qand 
was illustrated in Figure 2.2. In Figure 4.1 the solution 
to the problem indicates that an acre of forest land 


Should be harvested at the age t*. Looking at equation 


(2.28), the Wicksell-Béhm-Baverk solution generally results 


in a longer rotation than given by (2.23). The two ap- 


proaches yield the same solution when: 


=o oer ae well Or Bet 


Smith's static model of Chapter Three indicated 


that the resource should be managed such that: 


Q'(v) = 0 NEP aa aeis) 


In Figure 4.1, this point is given in the south-west quad- 
rant as vise Ge: Smith states that this indicates that 

the resource should be managed so aS to maximize sustained 
yield. However, the true maximum sustained yield is given 
by the Solution to (2.16). A discussion of this discrep- 
ancy will be postponed until the dynamic models have 

been reviewed as they are subject to the same problem. 


Plourde's dynamic model yields the result: 


0 = Ort) ate (4.16) 
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In the steady-state therefore, the stock, of the resource. is 
determined by (4.16). In the south-west quadrant of Fi- 
gure 4.1, the stock of the resource is given by e and 

the growth in a single time period is q This result 
indicates that a harvest of =F in each time period will 
leave the stock of the resource unchanged. 

Both Brown's dynamic model and the dynamic model 
based on Smith's assumptions essentially indicate a simi- 
lar conclusion. The results are not unambiguous however. 
For the purposes of comparison with the static models, 
(4.16) will be used as a general result from the dynamic 
approach although the reader is reminded that such a result 
is available only under additional assumptions concerning 
the co-state variable. 

At this point, the discrepancy between Smith's 
Maximum sustained yield and the true maximum sustained 
yield given by equation (2.16) should be discussed, 

Smith's notion of maximum sustained yield, given by Me with 
a growth and harvest of go. is not possible in reality. 

His notion indicates that an acre of forest land could be 
grown until age tg and in each succeeding time period the 
growth g, harvested. This is not possible. The growth in 
each period of time is added to the resource stock and once 
added is inseparable. For example, the yearly growth of 

a tree cannot be separated from the tree. The whole tree 


must be harvested or the whole acre harvested. All of the 
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Static models of Chapter Two recognize this Doin. 

This problem is not unique to the use of dynamic 
models in forestry. Indeed, in the case of fisheries one 
is unable to remove just the yearly growth from a fish or 
the yearly growth from a fishing ground. What then is the 
value of the dynamic approach in the determination of the 
steady state stock of the resource? The results may be 
completely discounted as indicating nothing or it may be 
Said that the approach implies something. It may correct- 
ly be said that the Smith static model implies that the 
resource should be managed to maximize sustained yield. 
The Plourde result therefore implies that the resource 
should be managed not at maximum sustained yield but har- 
vested at sustained level at some earlier age. 

For the case of forestry, one approach that may 
pescibly reconcile This ditficulty 1s) to detine these] 


source constraint in the dynamic models as: 


dv 
= = = Pert ret (bred be / 
ETE R(V) C ( ) 
In terms of (2.15) and therefore assuming L* = 0: 
(a - logeV)*V 
R(V) = eee est > et pete co  UAieal BY) 


If (4.17) were used as the resource constraint, the result 
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of the Smith model (static) would truly be maximum sus- 


tained yield since: 


Ro eV) 2-0 > Fava’ (4549) 


vax (u) cee 


and (4.20) does yield maximum sustained yield. In Figure 
4.1 the Smith solution would coincide with t. In the 
Plourde model, the steady-state level of the resource stock 


would then be given by: 
o = R'(V) wine eee (42) 


and as long as p > 0 this would indicate Tp < T. Accord- 
ing to (4.17) with (dv/dt) =, 0, 91nyeach time period the 


harvest would be given by: 
Ce eA ee) Cee) 


Therefore 1/tp acre would be harvested in each period. 


In this section the resource constraint was given 


by the growth function for one acre. If for example, a 
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forest of 'y, acres were considered, would the result of the 


Plourde model be: 
C= F(L*,T)) Cee es ese ee 


in the steady state? Intuitively this would follow from 
(4.22) but from a mathematical standpoint problems de- 


velope. 


An Aggregation Problem 


In this section, a problem of aggregation that 
concerns the dynamic models will be shown. No general 
solution to this problem exists, however ee certain 
forms of the growth function the problem does not arise. 

The reader will recall that the production func- 


tion for forestry is given by: 
V = g(a,b,0,T) ees, Wee 


where the assumption of homogeneity in land (b) and labor 


(a) services allowed (2.11) to be written: 
VV = hb 7) Bosch sme tae pees S 


In fact, the units in which land services are measured and 
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the measurement of t are very much bound together. For 
example, suppose a forest is composed of 2 acres, both the 
same age (tT, = 1,). For this hypothetical forest, the 
aggregate growth function (V>) would be: 


Ve = 2V = Z2E Cis aay) = 2P (375) sie? <« (4.24) 


To illustrate this point further we may take as an example 


the growth function: 
= B = = eae ne 
ee BT) ai 6a Zar dees a) 2st hl cas) 


ee 
where A = 1/(1 -' 6) 2. For a = 0, (4.25) simplifies to: 


Tae Silraaie a, on, 4. BS) 
For the two acres 1),T2, (4.24) becomes 
7 eee ee Be ee) eater 


If, however, the two acres are of different ages, (4.26) 
is no longer true. Obviously the choice of the units of 
b and the determination of t are bound together. 

The choice of the acre as the unit of measure- 
ment of b is not arbitrary. In choosing such a measure, 
the homogeneity of the trees composing the acre is im- 


portant. This is not a novel problem. Conceptually, a 
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unit of capital may be a machine. ‘he machine is however 
composed of various pieces and if all the pieces are es- 
sentially the same age or vintage there may be little dis- 
pute over this conceptual unit of measurement. Another 


factor contributing to the choice of the machine as an 


ideal unit of measurement is the fact that at some poimt in 


time the machine will be totally replaced. The choice of 
the acre as the unit of measurement may be the ideal unit 
Since an acre may usually be composed of trees homogeneous 
with respect to age and the acre may be the smallest prac- 
tical unit of harvest. 

If the forest is composed of n acres and the age 


distribution of the forest is given by: 


HDC) 50) ie tgs ue Oe) 


where D(t) is the probability density function for the 


forest, then the aggregate volume function is given by: 
Ve= "| Bee ne ae te eee 9) 


It is quite obvious from (4.29) that the age distribution 
and the aggregate volume function are very much tied to- 
gether. In the dynamic models, where such an aggregate 


function forms the resource constraint any harvest may 


change the form of (4.29). 
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There are cases in which the aggregate function 


will not change form with a harvest. An example of such a 


Case is? 
yastndies 27°") ae ee) 


Equation (4.29) therefore becomes: 


Ve = "| Dita Ads = Baer cawe bets (Ceo he) 
which can be immediately simplified: 
Ve = nA D(t) dt} | D(t)e at aa (a 233) 
Neowing that: 
| Diy) aie a, pe (e234) 
0 
Veo= na{1 = pire Part (4450) 
0 


, =BT 
The integral in (4.35) may be approximated by e f. 


Therefore: 


Ve = pa{1 - on Pts} ee it 
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There are two properties which must hold for meaningful 
aggregation. Having shown the effect of the age distribu- 
tion above, it will be convenient to show that the two 
properties hold for (4.36) in discrete notation. The first 


property is simply (4.31) or: 


pete, a (Ao) 


This requires the sum of the volumes of all on acres be 
equal to the volume given by the aggregate relationship. 


The second property: 


«i 14038) 


Equation (4.38) requires that the growth rate given by the 
aggregate equation (4.36) be equal to the sum of the 
growth rates of each acre in the forest. Both. Conditions 
are satisfied for: 
nN = i 
Te = x Log, i241 e PTS oe oe tee S:) 
Aggregation of this type is not possible for a 


sigmoid growth function. It may be possible to find an 
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aggregate form that satisfies the first DIEOperLy, but hia 
variably the second property is violated. The inflection 
point causes these problems. 

This aggregation is not consistent.* Knowledge 
Of Ve will not allow the determination of the Va. there= 
fore, for any V¢ a variety of possible age distributions 
may exist. However, for all the age distributions the 
aggregate form remains the same. 

Smith seems to be aware of the possible effect 
of the control variable on the growth function and there- 
fore states: 

In (2.2) we assume no interaction between 

the total harvest and the ate properties 

of the population mass . 


Smith's eovation (262) 2s the same as (3532) in ell bute 


notation. 


Concluding Remarks 


To conclude a study of this nature in a satis-— 
factory manner requires a reiteration of the general prob- 
lem forest managers face. Presented initially with a for- 
est composed of many acres of different ages the manager 
may first determine what the optimal configuration of the 
forest might be. The scarcity of wood could lead the tra- 
ditional forester to the conclusion that the maximization 
of sustained yield is the appropriate goal. The rotation 


length and the nature of the steady state forest are there- 


' 
4 
i 


7 - 
ies a ails. = 


ai Spd yI39¢ as 


a 


ascites lior. ser’ swegatoty ad ies pi Hy ais A 


_ ari fito x9 hy sie passe: 4 


gobatwond *.sasdaiando Jom et iadvede, 


-pxadT. »;Vvots Jo noltaniniaish See wid bas 
aby 
syaksvatwieth aps Sldtekog <o’ ys creas v h he +58 
ae nda De 463 3 0 4eiK9 
aig atoltdizIeate: Gee a0 448 ayy ves i 


+ : ee vie 
eune eyly eutete? MBOX Sstepes 


eats aldiézoy sA7 PO Stswe Fare |} anigse ‘chaaile ae 
me 2 f . €, : 

an — S| 

; fs 
di Bhs norton t dwetp $45 mo 3(on trey [eto 3 a mo, 


eerste 02 i 


Ath ws i p.eling?eanrl aon sm 28> oy AG BD ries 
ans sipeor4 MI2ROID ang bat Sey tun see pig 
BL 1) Been oxmcts tua, oe “a Le 


7 0 - : } 


; at - 
2 ! F 
} Ray 
hh Oa vases Lele 3D 


7 
~-eiteucé’ ni srvstea ett io VeUae Js otal 


=ivr1q Isistep sas i) NOLIALeT TS 3 Bae suman 


28 dotw viletsinid fedasesr9 rate 2x9 
: Ay : : _- + : 

“Ppersm =f sape Areteizth 20; 
: a 
sit 4 aotiesure ites ‘lemitde ’s 
iv 7 < 2 + 7 vy fl 
heal Aiuos boaw 


mane 
es hy i 


‘ - 
pas ~~ + 
Of) gue SIPS 


tor 

P ai s 
Hard Aft 
7 


~ nol 


- 
UJ 


fore determined. Once these decisions have been made the 
forest manager must then decide how, given the initial 
State of the forest, to achieve the configuration = the 
steady state forest. Traditionally, market prices play 
nO rolesan this process: 

It is interesting to note that the management of 
forests in this case begins with a static problem and solu- 
tion and then, given the initial state of the forest and 
desired state, the dynamic problem is solved. Depending 
upon the approach taken in the dynamic problem, the maximum 
sustained yield forest is achieved in a finite time or in 
the limit. The important point to recognize is that the 
steady states of the dynamic and static problems are the 
same. 

The second chapter considered the static problem 
from both an economic and traditional forestry standpoint. 
The rotation lengths were determined and the nature of the 
steady state forest was discussed. The dynamic models of 
the third chapter examined essentially the same problem. 
No attention was given to the transition between the ini- 
tial and final or steady state as such an analysis would 
require an explicit solution in each model. The steady 
states indicated by the economic static and dynamic prob- 
lems are not the same. 

The static analysis allows several conclusions 


to be drawn. The BOhm-Baverk--Wicksell formulation of the 
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problem leads to a longer rotation length than the Faust- 
man approach of a perpetual series of rotations. In gener- 
al it would be expected that the foresters' rotation length 
would be longer than that indicated by Boéhm-Baverk or Wick- 
sell. An unambiguous result is not possible. Comparative 
Static analysis indicates that an increase in the rate of 
interest will lead to a longer, less intensive rotation 

if the entrepreneur maximizes discounted net revenues for 

a perpetual series of rotations. An increase in the price 
of timber will result in a shorter, more intensive rotation 
while an increase in the wage rate leads to a longer, less 
‘intensive rotation. 

The dynamic models of the third chapter all view 
the resource as a mass or stock from which a flow of growth 
arises. It is further assumed that this growth can be har- 
vested with no effect on the resource stock. In fact, the 
growth and the stock are inseparable. It is not possible 
eee the growth without also harvesting the stock 
associated with the growth. In these models, for any given 
resource stock, the growth is given by the first deriva- 
tive of the volume function. This is correct if the flow 
and stock are separable. Since the stock associated with 
the growth is in reality harvested, the average volume 
curve gives all possible steady states. In the preceding 
pages of this chapter an alternative specification of the 


resource constraint which would reflect this fact was con- 


mf 10 anevad “ite 1 Bs fe thet ts 
eyigsteqnod .2luisegg ton af 160993 ide 
40 .eT62 “aita) 7 Heng (oak ae 351d ene ; 
notteso. eviaeusgt veel . feet rcs a9 
io? SaHASTS14 120 Goamionarh ae 
soi7¢ ac ul easerort WA anotaesort 739 aay 


a Plt ms 
noiseden telLessan. stom yasdzOre) eva) Hueet y redmid cae a 


et 


deal ,ssenoL 6 or PENAL 387 Shaw meric ve erie We ay 
F 


woeiv (fs do qaeny patos asta rar) sateen okie (er . 7c" ¥ a 
kaise 20 Wort: & deity moTd -%50324 40) Sahm) at Wo INOBST | 7 
<r) ad aes Wat. a ha baci cont Bae <oidsti whet 426 
89, Vioe7 nt .f>azye. potest add ino) usstia ia fid.tw saebani hy 7, 
sidpezoq jon ee 21 daa qeank ete avodna dawosy 
Hades of) Disdasvted ons JuoiaA 6 wey jae 
ree 


i‘ 
| ; “f vs 

teva gts Vite Ti (afebom eegitt, mi Sh ac 9 
-dyitrely 7a0E, seid = are as ingens 


ely if 
os i: 
per “ yr ee 


Sidered. However, the dynamic models incorporating such 
a change are still not correct. 

The forest was considered as an aggregate of 
acres, each acre composed of trees of the same age. Each 
acre is therefore of a particular age and the harvest of 
an acre removes all the timber from that acre. The growth 
of the whole forest is obviously the sum of the growth of 
all acres and therefore the ages or age distribution of 
the forest is important to the volume function of the for- 
est. The form of the aggregate volume function depends 
upon the age distribution. The harvest of one "old" acre 
with a given volume or the harvest of two "young" acres 
which, in total, comprise the same volume is not equi- 
valent 

The results of the dynamic models of chapter 
three should therefore be qualified. They are correct 
only if the resource stock and growth are separable and the 
control variable does not influence the form of the growth 
curve. For such a resource, the steady state occurs at 
some stock of the resource smaller than that stock at which 
growth is maximum. For any properly specified model of 
resource exploitation the initial price imputed to a Gig es 
of the resource stock, correctly determined, will lead 
to the achievement of the steady state. 

The formulation of a realistic dynamic model of 
forest management should reflect the biological character- 


istics of the resource. The behavioral or policy implica-_ 
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tions of an economic model constructed upon unrealistic 
biological assumptions are open to question. The economist 
cannot reasonably expect the resource manager to accept 

the results of economic analysis unless the biological mo- 
del is rigorous. 

A properly specified economic model of forest 
management would attract considerable attention in both 
practice and theory. The determination of harvesting sche- 
dules for public forests and land is a complex task. Re- 
source managers faced with this decision are gradually 
introducing economic criteria into the process. Such a 
model would undoubtably require considerable mathematical 
sophistication however the benefits of such effort would 


be very tangible. 
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Footnotes 


Ispecifically, the first derivative is easily expressed 
in terms of the resource mass (N). See footnote 10, Chapter Three. 


2T am uSing the term consistent in the same context as: 
Green, H. A., Aggregatton tn Feonomie Analysts (Prince- 
ton University Press, 1964), p. 20. 


The purpose of the passage in the text on this problem 
was only to demonstrate that for some forms of the growth function 
an aggregate form may be available which is not influenced by the 
control variable. If the individual growth functions for each acre 
are the same and known with certainty then the aggregation, although 
ad hoc, is meaningful in relation to the properties which must be 
preserved. 


3smith, V., "Economics of Production from Natural Re- 
sources,” p. 411. 
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